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A graph-theoretic approach is shown to simplify the analysis of transient enzyme kinetics. The coefficients of
the characteristic polynomial for kinetic equations are obtained by graphical construction of directed trees
and sub-trees in the kinetic scheme. An example of kinetic schemes, providing a simple time-dependent
analytical solution, is demonstrated. This example describes a substrate-inhibited enzymatic reaction and
interprets the pH-dependent inhibition of the lactate dehydrogenase. It is shown that rapid equilibrium in
some parts of the kinetic scheme can simplify the analysis. The enzyme pre-incubation with a product is
shown to be characterized by the non-monotonous transient kinetics. This phenomenon is useful to estimate
correctly the kinetic parameters. It is supposed that the lactate dehydrogenase substrate inhibition can be
important for switching the glycolytic fluxes.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction

Kinetics of enzymatic reactions in solution are studied traditionally
in two initial phases: pre-steady-state (transient) phase and pseudo-
steady-state phase [1,2].

In both of these phases the substrate concentration is taken in
excess not to significantly decrease during the reaction. Such
experimental conditions are used to describe transient kinetics by
linear differential equations for concentrations of enzyme species as
variables. For many linear kinetic equations the analytical solutions,
as the sum of exponential time-dependent terms, are well known
[1,2].

However, even in the case of exponential kinetics, interpretation of
kinetic curves in terms of individual rate constants is often difficult.
Therefore, any theoretical methods, simplifying the kinetic analysis,
are desirable.

In this paper a graph-theoretic method to simplify the analysis of
transient kinetics is discussed. I also apply the Laplace transform
which is often used for solution of kinetic equations [3]. I consider
only deterministic kinetic equations following the mass action law.
No stochastic modifications of kinetic equations are considered,
however, stochastic equations can be analyzed with a similar
approach [4–7].

Recent finding of slow fluctuations in catalytic activity of single
enzyme molecules [8] should be taken into account. However, recent
studies [7] show that classical kinetic equations are often valid for
fluctuatingmolecules, individual kinetic parameters being interpreted
ll rights reserved.
as effective ones [7]. Moreover, the conformational motions of single
enzyme molecules are usually ensemble-averaged in experiments
[9,10] not to modify classical kinetic equations.

In our earlier papers [11,12] a graph-theoretic approach had been
applied to the analysis of pseudo-steady enzymatic reactions. That
approach formulates the known schematic rule by King and Altman
[13] with using graph-theoretic notations, thereby allowing various
simplifications. A similar our approach has been applied to transient
enzyme kinetics [14–16]. Our approach [14–16] was later modified by
Kou–Chen Chou [3], who considered an example of one-exponential
kinetics. A similar approach was also applied by Hofmeyr [17] to
graphical analysis of metabolic pathways for graphical determination
of flux and concentration control coefficients.

In this paper I summarize and modify my former results [14–16] to
obtain a simple analytical time-dependent solution of kinetic
equations. A graph-theoretic approach allows me to define a class of
kinetic schemes leading to simple analytical dependences of reaction
rates on individual kinetic parameters. One of such schemes is
taken to describe the unusual pre-steady-state kinetics for lactate
dehydrogenase.

Recent studies [9,10] present the data concerning fast and slow
molecular dynamics during the lactate dehydrogenase catalyzed
reaction. Atomic motions have been observed on various time scales.
However, only the rate-limiting steps are observed in stopped-flow
studies [9,10].

It is possible to set up the lactate dehydrogenase system as a
reaction system of interconverting enzyme species [10]. Therefore,
time-dependent kinetics for stopped-flow experiments can be
interpreted by classical linear differential equations. I show that a
minimal kinetic scheme can be used to interpret the experimental
results [18,19].
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2. Theory

2.1. Graph-theoretic approach

Consider the following kinetic scheme:

X1⇄
k12

k21
X2⇄

k23

k32
X3 − − − − Xn ð1Þ

Here Xi are various enzyme forms, kij are rate constants for
corresponding reaction steps. Some kij can include the approximately
constant substrate (ligand) concentration.

In traditional stopped-flow experiments [20] the reaction starts
with the sudden substrate addition in excess to the enzyme
solution.

The time course of the reaction (1) with approximately constant
parameters, kij, is described by the linear differential equations:

dxi
dt

= − xi
X
j ≠ i

kij +
X
j ≠ i

kjixj; ð2Þ

where xi are normalized Xi concentrations,
X

ixi = 1:
By using the Laplace–Carson transform:

x⁎i λð Þ = λ

Z ∞

0

exp − λtð Þxi tð Þdt ð3Þ

where xi⁎ is transformed xi, and λ is transformed time t, we obtain:

dxi
dt

� �⁎

= λx⁎i λð Þ− λxi 0ð Þ ð4Þ

Here, xi(0) specify initial xi(t) values.
Taking inmind the equality, x⁎i +

X
j ≠ i

x⁎j = 1,we obtain from Eq. (4):

1
λ

dxi
dt

� �⁎

= x⁎i − xi 0ð Þ x⁎i +
X
j ≠ i

x⁎j

0
@

1
A; ð5Þ

and taking in mind the equality,
X
j ≠ i

xj 0ð Þ = 1− xi 0ð Þ, we rewrite
Eq. (5) as Eq. (6):

1
λ

dxi
dt

� �⁎

= x⁎i
X
j ≠ i

xj 0ð Þ− xi 0ð Þ
X
j ≠ i

x⁎j : ð6Þ

Now, using Eqs. (2), (6), we obtain Eq. (7):

x⁎i
X
j ≠ i

λxj 0ð Þ + kij
� �

=
X
j ≠ i

x⁎j λxi 0ð Þ + kji
� �

: ð7Þ

One can see that Eq. (7) look identical to the steady-state equations
with only difference in the modified rate constants, including now
transformed time, λ, and initial values, xj(0).

Eq. (7) can be represented by the kinetic graphs, which are similar to
the reaction schemes, but involve the additional branches with the
values equal to λxj(0) in parallel to the branches, kij. The additional
branches characterize the reaction dependence on time.

Let us illustrate the graphical procedure by considering a simple
kinetic scheme:

X1⇄
k12

k21
X2⇄

k23

k32
X3 ð8Þ

Suppose the only enzyme form, X1, is present initially:
x1 0ð Þ = 1; x2 0ð Þ = x3 0ð Þ = 0:
According to Eqs. (7), the following transient graph (9) is
constructed:

With applying the graphical rule by King and Altman [13] to the
graph (9), the solution is given as:

x⁎i =
Di

D1 + D2 + D3
ð10Þ

where Di are the sums of the so-called trees [11,12], directed to the
graph node Xi(i=1, 2, 3).

Three trees, directed to X1, are shown in Eq. (11):

The sumof these trees is equal toD1=(λ+k21)k32+λk23+(λ+k21)λ.
To the node, X2, two trees are directed:

Their sum is equal to D2=k12k32+λk12.
There is a single tree directed to X3:

X1→k12 X2→k23 X3 ð13Þ

Its value equals to D3=k12k23.
With using trees (11–13) one can easily write equations for

variables xi⁎. For example, x2⁎ is equal to:

x⁎2 =
λk12 + k12k32

λ2 + λ k21 + k32 + k23 + k12ð Þ + k32k21 + k12k32 + k12k23ð Þ
ð14Þ

It is seen from the denominator of Eq (14) that the coefficient, (k21+
k32+k23+k12) of the λ-term is constructed as the sum of all branches
(1 — trees) of the scheme (8), and the free coefficient, (k32k21+
k12k32+k12k23), is the sum of paired non-cyclic combinations of the
branches (2 — trees) taken from scheme (8).

The graphical rule to construct the Laplace-transformed solution
for any kinetic schemes has been formulated in my earlier paper [16]:

x⁎i =
b ið Þ
0 λn + b ið Þ

1 λn−1 + ::: + b ið Þ
n

λn + a1λ
n−1 + ::: + an

=
DiX
i

Di

ð15Þ

The denominator in Eq. (15) is the characteristic polynomial of
kinetic equations [16]. The coefficients, ai, are constructed by trees and
sub-trees of the corresponding kinetic scheme, a1 being the sum of all
branches (1 — trees), a2 — the sum of 2 — trees, …, an — the sum of n-
trees (trees of the King–Altman rule [13]). The nominator of Eq. (15) is



Fig. 1. Normalized concentration, [E·NAD]/[Etot]=x2(t), calculated for scheme (8)
with parameters: k21=0, k12=0.2 s−1, k23=0.4 s−1, k32=0.4 s−1. Calculation
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constructed by the trees directed to the i-th node in the kinetic
scheme. The nominator coefficients depend on the initial conditions,
and the denominator coefficients do not. The value of the branch (or
simply “branch”), i→ j, is equal to the value of the rate constant, kij. The
value of the tree (and sub-trees) is equal to product of its branches. An
example of the expressions for the coefficients, a, b, is given in Eq. (14).

To find the original, xi(t), of the transformed function, xi⁎(λ), one
needs to find the roots (eigenvalues) of the characteristic polynomial.
For example, the time-dependent solution for scheme (8) is:

x2 tð Þ = A0 + A1e
−λ1t + A2e

−λ2t ð16Þ

where λ1, λ2 are eigenvalues of the characteristic polynomial, that is
the denominator of Eq. (14):

D = D1 + D2 + D3 = λ + λ1ð Þ λ + λ2ð Þ ð17Þ

The constants, A0, A1, A2, depend on λ1, λ2 and initial conditions.
The exponents, λ1 and λ2, depend on the rate constants, kij, but simple
analytical dependence on kij is obtained for kinetic schemes of the
specific structure only, as exampled in the next section.

For a pseudo-steady state we should take λ=0, and obtain:

x⁎i 0ð Þ = xi ∞ð Þ = b ið Þ
n = an:

2.2. Analytical solution

A graph-theoretic approach of this paper allows us to construct the
characteristic polynomial by finding directed trees and sub-trees in
the kinetic scheme and allows us also to find specific schemes, having
the simple analytical time-dependent solution. Some of solutions are
well known [1,2,20]. Others are not mentioned in the literature, but
they can be of practical importance. This paper considers an example.

The simple directed sequence of steps:

X1YX2YX3:::Xn−1YXn ð18Þ

has the characteristic polynomial:

D = λ + k12ð Þ λ + k23ð Þ::: λ + k n−1ð Þn
� �

ð19Þ

where the exponents of the solution are simply the rate constants.
Another kinetic scheme:

X1YX2YX3:::Xn−1⇄Xn ð20Þ

has the characteristic polynomial:

D = λ + k12ð Þ λ + k23ð Þ::: λ + k n−1ð Þn + kn n−1ð Þ
� �

ð21Þ

The time-dependent solution in this case is also simple.
I consider a simple example, applicable to many enzymatic re-

actions, a partial case of scheme (20), presented by scheme (8) with
k21=0.

Consider the following initial condition:

x1 0ð Þ≠ 0; x2 0ð Þ≠ 0; x3 0ð Þ = 0 ð22Þ

Using the above graphical procedure, we obtain the following
solution:

x2 tð Þ = k32
k32 + k23

+
x2 0ð Þk23 k32 + k23 − k12 = x2 0ð Þð Þ

k32 + k23ð Þ k32 + k23 − k12ð Þ e− k32 + k23ð Þt

− x1 0ð Þ k32 − k12ð Þ
e−k12t ð23Þ
k32 + k23 − k12
This Eq. (23) is applied here for interpretation of the transient kinetics
for the lactate dehydrogenase.

2.3. Time hierarchy of enzyme systems

In our earlier paper [12] a simplification of the graph-theoretic
analysis has been demonstrated for rapid-equilibrium enzymatic
multi-cyclic reaction schemes. These reactions can be represented by a
single tree of equilibrium steps [12]. One of the equilibrium steps in
each cycle of the rapid-equilibrium scheme can be eliminated due to
the detailed balance providing interdependence of the kinetic
parameters.

This simplification had been modified by Cha [21] in application
to the pseudo-steady kinetic mechanisms, involving a number of
rapid-equilibrium parts interconnected by more slow steps.

According to the procedure by Cha [21] all rapid-equilibrium parts
are represented by single nodes in the new graph, the slow kinetic
steps being characterized by the effective rate constants dependent on
the relative concentrations of the enzyme forms in the rapid-
equilibrium reaction parts.

This paper applies the procedure by Cha [21] to pre-steady-state
kinetics. In this way many enzymatic reactions can be reduced to the
two-exponential mechanisms, and many can be described by formula
(23).

Consider, as an example, a two-substrate reaction, following the
ordered mechanism, the reaction catalyzed by the lactate de-
hydrogenase (LDH), interacting with coenzyme, NADH, and sub-
strate, pyruvate, to produce product, lactate, and coenzyme, NAD
[22,23].

TheM4 isozyme of LDH, pre-incubated with NAD, had been shown
to be inhibited by its substrate pyruvate, similarly to the known
inhibition of the H4 isozyme of LDH [18,19].

Similar (but not identical) substrate inhibition of M4 and H4

isomers of the lactate dehydrogenase depends on pH values. The pH
change, pH8→pH6, induces the enzyme conformational transition
to the protonated form, which can be a substrate-inhibited form
[18,19].

Substrates, NADH and pyruvate, bind in the protonated en-
zyme form rapid enough and can be considered as being in rapid
equilibrium.

The reaction can be represented by the following simplified
scheme:

E⇄
jNADH

E � NADH⇄
jpyr

EpyrNADH→clac E � NAD⇄
jpyr

EpyrNAD ð24Þ

Here E is free enzyme, NADH and NAD are coenzymes, pyr denotes
pyruvate, lac denotes lactate.
simulates the LDH catalyzed reaction at pH 8.
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In the experiments [19], LDH had been pre-incubated with NAD.
The slow reverse catalytic step is neglected. The rapid-equilibrium
steps can be represented by the following equilibrium tree:

E→KN½NADH� E � NADH→KS½pyr� EpyrNADH; ð25Þ

where KN and KS are the equilibrium association constants.
The enzyme fraction in the state ENADH

pyr
is calculated according to

the tree (25):

f =
ns

1 + n + ns
; ð26Þ

where n, s are dimensionless concentrations of NADH and pyruvate,
correspondingly. If LDH is saturated by coenzyme NADH, Eq. (27)
should be used instead of Eq. (26):

f =
s

1 + s
ð27Þ

A variable x1 in the simplified scheme (8) is now the following:

x1 = E½ � + E � NADH½ � + EpyrNADH

� �� 	
=

X
Ei ð28Þ

Normalized concentrations, x2 and x3, are now the concentrations
of E ∙NAD and ENAD

pyr
, divided by ∑Ei, where ∑Ei is the sum of

concentrations for all enzyme forms presented in scheme (24).
In scheme (8), k12 represents now the rate constant for a step

ENADH
pyr

→E ∙NAD multiplied by the factor f of Eq. (26) or Eq. (27).
The constant, k21, is neglected, as representing the slow reverse

catalysis, and k23, k32 are constants for the rates of the reversible
substrate inhibition.

One can see that Eq. (23) can simulate the pre-steady-state E ∙NAD
formation in the LDH-catalyzed reaction.

2.4. Enzyme pre-incubation with the product

Two-exponential transient rate equations, known in the literature
[1,2], describe monotonous kinetic curves. These equations relate to
enzymatic reactions started with a single non-zero enzyme form (free
enzyme).

Non-monotonous behaviour has been observed for the lactate
dehydrogenase pre-incubated with two coenzymes, NADH and NAD
[19]. For the reaction, presented by scheme (8) this pre-incubation
leads to the two non-zero initial concentrations, x1(0)≠0, x2(0)≠0.
Pre-incubation stimulates the abortive inhibition started immediately
after the sudden pyruvate addition.

Figs. 1 and 2 show the simulation of the experimental kinetics for
the pre-incubated LDH with using Eq. (23). The calculated variable,
x2=[E ∙NAD]/[Etot], describes the LDH transient activity. Fig. 1 shows
Fig. 2. Similar dependence as in Fig.1 for changed parameter, k32=0.1 s−1. The changed
parameter simulates the LDH substrate inhibition at pH 6.
a typical non-monotonous dependence similar to the observed at pH 8
for the lactate dehydrogenase, when the substrate inhibition has been
less intensive.

The lower constant, k32=0.1 s−1, in Fig. 2 (instead of k32=0.4 s−1,
in Fig. 1), induces typical monotonous inhibition as observed
experimentally for LDH at pH 6.

Other parameters are taken the same in the both Figs. 1 and 2, and
are taken close to the known values for the lactate dehydrogenase:
k12=0.2 s−1, k23=0.4 s−1 [19].

The initial conditions for the pre-incubation are taken the
following:

x1 0ð Þ = x2 0ð Þ = 0:5; x3 0ð Þ = 0 ð29Þ

Comparison of the two drastically different figures, Figs. 1 and 2,
allows us to correctly estimate the pH-influence on the LDH substrate
inhibition. The simulation explains how the substrate inhibition can
be fully eliminated after a short time period, when the pH value
changes to pH 8. Both figures are obtained for equally pre-incubated
LDH.

3. Discussion

A graph-theoretic approach in this paper simplifies the analysis of
transient enzyme kinetics by graphical construction of coefficients in
the characteristic polynomial of kinetic schemes. This graph-theoretic
approach leads here to a simple analytical solution of kinetic
equations for two-substrate enzymatic reactions, inhibited by the
abortive enzyme-substrate complex formation. This solution
describes the kinetic effect of enzyme pre-incubationwith the product
and interprets the observed non-trivial LDH transient kinetics. A
kinetic curve with the intermediate minimum, observed for the
lactate dehydrogenase, is interpreted on the basis of a simple kinetic
scheme with using realistic values of the rate constants.

The pH-dependent substrate inhibition of the lactate dehydrogen-
ase should be important for switching the pH-dependent branched
aerobic/anaerobic glycolytic fluxes. Indeed, our modified scheme [24],
including the pyruvate influx in addition to the scheme discussed in
this paper, describes a switch-like kinetic behaviour of the lactate
dehydrogenase.

The pyruvate influx can be realized in vitro as well as in vivo for
some experimental situations. The known spontaneous pH-dependent
transitions between pyruvate isomers can produce the pyruvate influx
from inactive isomers to active keto-pyruvate [24]. Possibly, this
situation had been observed for the lactate dehydrogenase isolated
from the non-mammalian sources, where the switch-like substrate
inhibition had been demonstrated [25,26].

It should be mentioned that the pyruvate concentration in the
metabolic system can be a variable similarly to variable enzyme
concentrations. Therefore, the enzymatic reaction in vivo can be non-
linear in contrast with the linear pre-steady-state reaction, discussed
in this paper.

A graph-theoretic approach can be applied to the analysis of the
linearized non-linear kinetic equations [27–29]. Coefficients of the
characteristic polynomial in the last case are constructed not only by
the non-cyclic structures (trees), but by cycles, arising from substrate
participation in the inhibition step. The competition of the same
substrate for catalysis and inhibition produces the graphical cycle in
the kinetic scheme, generating the negative coefficient in the
characteristic polynomial [29]. The substrate inhibition can be of
critical type in this case. The non-linear substrate-inhibited reaction,
catalyzed by the lactate dehydrogenase, can produce the critical
inhibition (very rapid and hysteretic), as could be needed to switch
glycolytic fluxes.

The pre-steady-state LDH kinetics, simulated in this paper,
provides necessary information concerning the pH-dependent
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substrate inhibition, which has been observed in the closed system
[18,19], but can be important for the open system.
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